The finite potential well

Notation conversion: 
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We are looking for solutions to the 1DTISWE with E<0. In this case, it is expected that only a finite, discrete number of eigenstates will be found.

Region 1: x<-a:
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Solutions: 
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Region 2:
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Solutions: 
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Region 3:
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Solutions: 
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We require
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4 resulting equations: (8.5)
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We can cast this into the form of a matrix equation:
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(8.6)

This set of 4 linear homogenous equations has a nontrivial solution only if the determinate of the coefficient matrix (
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We can do some matrix algebra in order to cast this matrix equation in this form:
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where 
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It is possible to show then that  (to show it, evaluate the determinates)
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Thus for a non-trivial solution we require
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 (8.10)

This is zero when 
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We can rewrite G as
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how?

let 
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note that this ( is not the wave function, it is only a phase.

Then the condition on G becomes
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For the positive root, we have fa+(=0 or (=-fa

so tan(()=tan(-fa)=-tan(fa)=f/k

so
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For the negative root, we have
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Before we find the eigenfunctions, let's find acceptable values of f.

Let (=fa and (=ka

Then for the even states we must satisify:

( tan ( = (
and
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(8.27)

I have made an excell spreadsheet of this to show you that you can find the

intersection and thus the solution to this for particular values of V, m and a.

We need to look for the intersection of both of eq. 8.27 in order to find the energy eigenvalues, which is a numerical process.

let's now get the coefficients A,B,C and D.

Since 

G=(G*

Let's first choose G=+G*. Use this in the original D matrix:
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This gives a relationship between B and C:

GB+GC=0 so B/C=-1

If we had chosen the -G then we would have

GB-GC=+1

or to be more quick about it,
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let's work the B/C=-1 first... put this into the last 2 eqtns:
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Thus
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What kind of wave functions does this give us?
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These correspond to eigenenergies given by

f cot(fa)=-k.

(G=G* and B=-C)

These eigenfunctions are antisymmetric under reflecton about the origin 

They thus have odd parity.

How to show? let x->-x in (1 and note this is -(3, etc.
Now, let's look at the other solution, namely G=-G*.
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Then -GB+CG=0 which gives B=C for G=-G*.

Let's look at the last two equations:
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These simplify to be:
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So we reach the conclusion that
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What do these wavefunctions look like?
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These correspond to eigenenergies given by
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(G=-G* and B=C)

These eigenfunctions are symmetric under reflection about the origin.

They thus have even parity.

How to show? Let x->-x in (1 and note this is equal to (3.

In both cases, we can determine the final constant B by normalization:
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You can find the value of B from Problem 8.53:
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Whew! We're almost there!
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This is what the wave functions might look like for one example of aV/m.

Let's compare these states to the scattering states obtained from the Ramsauer Effect
Application of boundary conditions gave us ...
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We could rewrite these as 
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or
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These can be cast into matrix form:
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For scattering states, the boundary conditions thus give an inhomogenous matrix equation of the form
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with the obvious identifications from above.

The solutions to the scattering matrix is then
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Where 
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is the inverse of the scattering matrix.

The important point to this exercise is this: we have shown that the scattering problem and also the bound particle problem can both be cast in matrix form and then all the powerful mathematical tools from matrix algebra can be used to solve for the unique solutions. Ultimately, what this really involves is producing a diagonal matrix because a diagonal matrix will combine the states in such a way as to produce the solution!  

yes, this is pretty slick, but it is not 100% of the time possible to produce a diagonal matrix.
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