1-dimensional QM scattering problems

An abbreviated background

Important requirements: at a boundary, the wave function and its derivative must match.

We represent three possible things that can happen when a particle is incident upon a barrier: it can be incident, reflected or transmitted.

Let's assume a wave incident towards positive x. Then (7.112)
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Energy is conserved across the potential bump so that the frequency is the same (but this does not necessarily mean that the k's are the same). Using the definitions for the wave functions shown above (7.112) then we define the transmission (T)and reflection (R)coefficients as
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Furthermore (in smaller type below 7.114) you note of course that if the potentials in the incident region and the transmitted region are equal, then k1=k2 so T=|C/A|2. So in order to determine transmitted vs reflected intensities of a beam of particles, you need to solve the SWE across the potential barrier.

Let's work several examples of these problems since they are extremely important.
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Here, I've shown a "step" potential and we'll consider the case for now where E>V. We'll let the step height be V and locate it at x=0. For x<0, then V=0.  We will need to fit up at the boundry.  In the two regions, we have
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 (7.121)

In 7.121, "D" corresponds to a wave coming from +infinity which is not what we want to describe so we set D=0 to give more simply 
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The wavefunction and its derivative must be continuous across the step. This means:
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The first condition gives this:

A+B=C

And the second condition gives this:

ik1A-ik1B=ik2C 

or 

k1A-k1B=k2C

We are assured that k1 and k2 are real since E>V always. If this were not true, then things get exciting.

So we have (7.123)

A+B=C

A-B=(k2/k1)C

To get T and R we will need to solve these for C/A and B/A. Note that if we had a bound particle, we could actually carry it further requiring normalization.

How? Let me show this:

C/A=1+B/A and C/A=(k1/k2)(1-B/A) so

1+B/A=(k1/k2)-(k1/k2)(B/A)

so

(B/A)(1+(k1/k2))=(k1/k2)-1

this gives:
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We really want T and R (7.114) which gives:
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These give us the relative probabilities of the reflected and transmitted waves.

It is also important to get the ratio k2/k1. These come from the SWE as follows:

In both regions, 
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In region 1, 
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 and in region 2, 
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As was mentioned earlier, E is the same in both regions.

This then gives us directly k1 and k2:

(take the derivative of your wave functions)
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You might ask why the -V? the answer is that E=Kinetic + Potential = constant.

We can now easily get the ratio (k2/k1 )2=1-(V/E)

Note that for E>>V, this ratio becomes 1 so R=0 and T=1.

Also, note here that since E>V, 0(k2/k1(1.

One final note of importance: for all values of k, R+T=1.

Proof:
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so
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What about the same problem except now let E<V be the case…
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here, our wave functions will look like:
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D is zero because this would give an exponentially increasing function which is not physical.

The k's are defined by
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it is clear that according to the quantum mechanical picture, we can have a negative energy! This is completely at odds with the classical result.

Notice here you will get complex results.

Continuity of the wavefunction and its derivative gives:

1+(B/A)=(C/A)

and

1-(B/A)=i(k/k1)(C/A)

so
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It is now easy to show that R=|B/A|2=1 and T=0.

The wavefunction in region 2 is sometimes referred to as an evanescent wave (p. 227)
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