Guided Waves Section 9.5
The primary goal here is to find the electric and magnetic waves inside a hollow simply connected conducting structure, such as a pipe. The boundary conditions that what ever fields exist must obey are:
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We’ll ignore any field penetration into the guide walls (even in the case of a superconductor there will be some slight penetration).

Let us assume monochromatic waves. Then:
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Where I have oriented the guide so that the waves will travel in the z-direction.

What-ever solutions exist, they will satisfy Maxwell’s equations for a charge and conventional current-free region of space:
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Now the electric and magnetic field amplitudes have all components in general:
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The next step is to place these field amplitudes (together with the time dependence) into Maxwell’s equations. We will try to also assume k is real here, although it need not be. This gives 9 equations:
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In the case of the z-derivative, the assumed z-dependence is known so these become 
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 EMBED Equation.DSMT4  [image: image8.wmf]
I’ll now work with the x and y components of each field. The idea here will be to isolate Ez and Bz on one side of the equations, while having Ex,Ey, Bx and By on the other side.
Here are the algebraic details:
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The four components of E and B are then:
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And to determine them, you only need to know the components of Ez and Bz.

Now we will want to decouple the various fields. This is done by using the two remaining components:

#1:
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 and #2:
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Here are the algebraic details (problem 9.26b)
The idea is to use the four equations above in #1 and #2. Here’s how:
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So we have:
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Now let me do the same for Ez:
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Use this in #2:

So we have:
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In decoupled format, the two important equations are:
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Note: sometimes 
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is called the transverse Laplacian.

Now there are special cases of these wave: 

(1) TE: if 
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 (Transverse Electric Waves)

(2) TM: if 
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 (Transverse Magnetic Waves)

(3) TEM: If both 
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 (Transverse Electro Magnetic Waves)
In a hollow wave guide, it is not possible to have TEM waves. Here is a proof that follows your author’s proof:
If 
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 then Gauss’s law says: 
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Further, if 
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then Faraday’s Law says
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Since both the divergence and curl of E vanish, it can be written as the gradient of a scalar potential which is the solution to Laplace’s equation. But the parallel component of E must vanish at the boundary. Thus at the boundary the electric field is zero. Since there are no local maxima or minima permitted by Laplace’s equation, the electric field must be zero throughout the structure which means that there is no electric field at all in this case which means, as you author says, no E wave exists.

You are now ready to apply the results of this work to a rectangular wave guide.

(9.5.2) Suppose you have a wave guide of height a and with b and you are interested in propagation of TE waves. Then you need to solve:
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subject to the boundary conditions:
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Since Ez is zero, there’s no reason now to use it. Instead, we’ll work with Bz. Thus:
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Then we have:
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The partials now become full derivatives because of the assumption of separability.
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We can now divide and define separation constants so that:
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A general solution for X is given by:
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To apply the boundary condition, it is necessary to take the derivative:

Your author is awfully short on words at this point. Let me show you why.

In the x-direction, the x component of the magnetic field is given by:
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Since Ez already vanishes for this type of wave (TE) we have then that if Bx is zero, we must require: 
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. From our assumed solution, we have thus:
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At x=0, we thus require q=0. At x=a, we additionally obtain the condition on kx:
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The solution for y is going to give a similar result:
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The mode that this would be called, for a particular m and n is a TEmn mode if a>b. The convention is that the first index is associated with the larger cross sectional dimension. It is also a requirement that at least one of the indices is non-zero since if both were zero, a wave would not result. We can now solve for the wave number of a given mode:
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The magnetic field solution here would then be given by:
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It is possible to vary the applied frequency (that’s the knob on the frequency generator). If 
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then the wave number is imaginary and the wave will be exponentially attenuated rather than be transmitted. This particular frequency for which this happens is called the cutoff frequency and (mn is called the cutoff frequency. With the size arrangement as above, the lowest cutoff frequency for the TE modes is TE10:
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And so frequencies less than this will be strongly attenuated.
The wave number is given by:
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It is very interesting to note that the wave velocity is greater than c:
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while the group velocity (which is the velocity that energy and information is transported at) remains less than c:
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Note:
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Indeed, wave guides, as you can see, introduce not only filtering to signals but also a delay. Both of these features have enormous implications and applications.

I recommend reading page 410 and also page 399 (including footnotes) for more information here.

What about the theory regarding TM waves? You’ll actually find this as a problem in your text (9.30). 

Here is one of test3 problems: Solve problem 9.28.

I think I’m ready to work out the TM theory for you for future reference. In this case, we have Bz=0, but not Ez. Then, we need to solve, as before:
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subject to the boundary conditions:
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Clearly, we’re going to have a very similar situation here to what we had before.

Here, our condition is on E here: the parallel component of E must vanish at the boundary. The solutions for E, however, are going to be pretty much what we had before:
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Then we have:
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The partials now become full derivatives because of the assumption of separability.
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We can now divide and define separation constants so that:
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A general solution for X is given by:
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At the boundary, however, the parallel component of E must vanish which means that Ez must vanish at the boundary. Thus, at x=0, we require q=0. At x=a, we require
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Notice that m=0 is not permitted since this would vaporize the entire solution everywhere.

We’ll have a similar situation for the y part:
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It’s really easy to find the wave number now:
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and the cutoff frequency is then given by:
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The lowest TM mode which is excited is TM11 which has a cutoff frequency of
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The ratio of the lowest TE frequency to the lowest TM frequency is then given by:
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which again shows that the lowest TM mode is always higher in frequency than the lowest TE mode in the rectangular wave guide.

You will probably want to read section 9.5.3 but the conclusion is that a coax cable can support TEM waves which travel at c and are non-dispersive. The solutions for E and B in the interior are obtained directly from the infinite line charge and current solutions.

Finally for guided waves and like phenomena, I’d like to show you the resonant cavity which consists of a box of dimensions a,b,d.
In this case, we look for waves of the form
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which satisfy boundary conditions 
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 at each surface.

What I am going to suppose is that the solution consists of two waves: one traveling along the z-axis in the +z direction. The other will be traveling along the z-axis in the –z direction. What causes the one to travel in the opposite direction is that a reflection occurs at the boundary which is located at z=0 and z=b. The most general solution then

And, I’ve dropped the squiggles here.

The last two of Maxwell’s equations give us:
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while the first two conditions give us:
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Taking the curl of the curl we have:
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So we have two equations of the form:
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Now these modes are essentially either TE or TM modes traveling in the +z direction and the –z direction. Just because they are superimposed is no reason that they’ll change their nature. This means then that if you assume again separable solutions of the form XYZ, you will have 3 propagation indices: kx, ky and kz. The connection between them will be:
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We can show from this that the frequency of modes will be given by:
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The only real question here is the range of r, m and n. This will be different for TE as opposed to TM modes: all three can not simultaneously be zero for the TE modes where as none can be zero for the TM modes. Thus the modal frequencies are given by:
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I suppose the simplest solution here is as I have presented: a superposition of TE and TM modes. The TEM modes for the same reasons as in the earlier analysis, will not occur. If you take really advanced E&M, you’ll worry about additionally exciting these modes.

As a good reference on this is a book that, if you go to graduate school in physics, you will come to not only know but also to love. It is “Classical Electrodynamics,” by J.D. Jackson. I used the second edition for my own work. In any event, he also mentions the resonant cavity modes as arising from reflections as I have argued above to obtain my results.
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