Maxwell’s Equations in a Vacuum
Gauss’s Law
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No Magnetic Monopoles
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Faraday’s Law
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Ampere’s Law
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In the vacuum of space, these become:
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Now take the curl of the last two equations:
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Now the first two equations reduce this to become:
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Now we use the last two equations to give:
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Now use the last two Maxwell equations again to decouple these partial differential equations:
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The method of solution for these equations is to assume:
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Where the amplitudes are now complex in general. What you do if you want to obtain the instantaneous field amplitude is you take the real part of the answer, ignoring the imaginary part.

I can separate out now the time dependence:
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Now A solution for the spacial dependence in free space can be obtained by assuming:
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The funny tilda is to signify complex amplitudes of the fields.

We then see that this will form a set of solutions to the decoupled equations if:
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Now if you think back to the description of a wave from general physics, then you know that this describes a wave propagating with a wave speed given by:
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The particular value of this you have previously confirmed to be the speed of light:
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Now since 
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we need to have that the z components of these solutions vanish:
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The amplitudes of the fields are also related by the last two of Maxwell’s equations:
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In particular, since:
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and:
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We must have, for the solutions above:
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This is more compactly expressed as:
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B and E are in phase and mutually perpendicular. Application of the last of Maxwell’s equation does not give an independent condition.

However, it’s pretty clear how the amplitudes are related:
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Additionally there is nothing special about the z-direction: it can be in the propagation direction which allows a generalization:
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This means also that E and B are mutually perpendicular and then in turn perpendicular to the direction of propagation. Here I have used k to represent the propagation vector: it is a unit vector pointing in the direction of the propagation. Here, n is the polarization vector which points along the direction of E. Since this really represents a transverse wave, we then have:
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The time average rate of energy flow is given by Poynting’s theorem. This is given by:
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(see Marion & Heald Classical Electromagnetic Radiation, 2nd Ed, P140-141).

It is not given by:
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The momentum contained in the wave is related to the momentum density stored in the field by:
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We can calculate the Poynting vector for our waves.

I am now going to introduce complex components to our fields.

Suppose:
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Then:
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If you now take the time average of this you obtain:


[image: image37.wmf]0

1

1122

2

SEBEB

m

éù

=´+´

êú

ëû

r

rrrr


Ultimately you can show from this that:
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is the complex conjugate of 
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Note: 
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