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For a photon, p=U/c
Consider the cylinder shown to the left. Imagine that one side of the cylinder emits a massless cylinder of photons, and the momentum from this massless cylinder of photons is completely absorbed by the other end of the cylinder. The photons carry away momentum and impart this momentum to the cylinder. The work done is given by the total energy U of the photon gas. By the work-energy theorem, we then have: 
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The length containing this photon gas is L as shown in the diagram. So, 
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. According to Newton's laws, a force and a change in momentum are related by 
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where P is the momentum associated with the cylinder of photon gas and t is time. We use this in the second equation to provide: 
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Since the photons are completely absorbed, in a time t, we then have 
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where we've now allowed a sufficient (t for all the photons to be absorbed. It’s pretty obvious that if the cylinder of length L travels at the speed of light, the time for absorption is given by:
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Thus, the connection with the total energy becomes 
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where U is now the energy loss of the photon gas. We can eliminate the - sign if we refer to the initial energy of the photon gas. The quantity L/(t is the speed that the photon gas moves with, namely the speed of light (c). This then gives us the initial energy of the photon gas as 
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or written in it more usual form, we have the connection between a photon’s momentum and the energy of that photon as 
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You'll often see this written as 
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where E and U have the same meaning. At times, however, it is important to keep in mind that U might refer to more than one photon while E refers to a single photon. The connection is U=nE with E the energy of a single photon.

Now let’s relate this to the energy density of a TEM wave.

I want to write the results for the TEM wave in the more usual manner:
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Now let’s remember the electrostatic energy density of a capacitor:
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But for a TEM wave, the amplitudes are connected by:
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so we can write the magnetostatic energy in terms of E or just realize that each portion contributes ½ to the total energy density. Thus:
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We now can connect the momentum energy density to this:
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The vector direction is because the momentum is, after all, transported in the direction of propagation. As you can see, there is a real cozy connection here between the poynting vector and the momentum:
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This is what we refer to when we talk about the Intensity of an electromagnetic wave:
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where N is the normal vector to the area of a detector. You’ll note that equation 9.63 is, although in special cases correct, it really only applies to those cases where N and k are in the same direction. My expression above is a bit more general. However, I guess if you want to be safe, align your detector so that the propagation vector is along the normal. Then there’s no problem.
From this analysis, you can also calculate the radiation pressure for a column of photons of length L. The pressure is defined as the force per unit area but the force produces a change in momentum per unit time. Thus:
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Which is, as I have said before in earlier classes, the energy density. Note that if you have a perfect reflector, the change in momentum is twice this so the pressure is twice as high. You’ll also note that the pressure is related to the intensity for a perfect absorber by:
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Here is a helpful comment: For a perfect absorber, part of the energy is going to be converted to heat and then re-radiated. For a perfect reflector, this does not happen. So although the momentum is conserved, it may not immediately appear as you expect.

Now there is one additional very important point: the electromagnetic wave can also carry angular momentum, the density of which is given by:
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You’ll note that the author in Eq. 8.33 and 8.34 is actually referring to the momentum density, and in equation 8.32 is actually referring to energy density (located on page 358).

You need to be particularly careful when discussing the electric fields in the time-varying sense, however, since they show a delay in phase due to propagation: they travel at the speed of light and are most certainly not instantaneous. This needs to be built into the consideration from the very beginning.(!).
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