Magnetic Field from a wire solved 3 ways.
Eﬁ Bedl = VN
Choose a wire running a current along the +z direction. Then according to the right hand
rule:
B =B
In terms of Cartesian coordinates, we write the cylindrical angle unit vector as:
8= —sin(8)% +cos(0)§
Proof:
We want a right handed coordinate system in cylindrical coordinates so that:
tx0=12
The radial unit vector is given by:
I = cosBx +sin 6y

And so:
8 § 2
FxB=|cos® sin® 0 =2[0, cos®—0, sin6|=|6, cos®—6, sin6|=1
6, 6, 0

An obvious solution would be:
0, =—sin®:0, =cos® =0 =—sin 6% +cos 6y

It is clear that this gives zero projection along the z axis and also it has a
magnitude of 1.
Thus this is the desired unit vector.

Now we then have:
Bedl =[B & +B,|e[dxk +dyj]
to find the x and y components of B, you do the usual operation:
Bei =B =Blek=-Bsin0:Bej=B =BAej=Bcoso
Thus:
Bedl = —Bsin0dx + Bcos 0dy
Now, on a circular path of radius R, we have:
dI = dx& +dy§ =[~Rsin 6% + R cos 67]d®

This then gives:
6=2m
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0=0

Now apply Ampere’s law:
$Bedl =yl = B(2nR) =, = B =256

This is for an infinitely long wire carrying a current I in the +z direction.



Now let’s calculate the same via Biot-Savert:
dB H()Id 1
475‘ rlp‘

We calculate this above the symmetric center of the wire. Again let the wire run along the
z axis with current going in the +z direction. Let’s calculate it say at a point ?pin the xy

x+y +z;

plane. Then:
di =dz2: T =x X+yy:T=z2=1 =xX+y, 772
Then:
X y z
dl x t =dz, [21 X (pr( + yp)?)} =dz,|0 0 1|=dz [—ypf( +x,¥

X, ¥y, 0O

so the differential magnetic field is:

dz. —ypf(+xpy
B ol l Vxppel ol [ ypx+xpy]
dB=1%> =t E dz,

4n lx§+y§+zil r/z

For a finite wire stretching from -a to +a we have:

a

z;=+a
f dz; _ Zi _ 2a
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z.=—a [XPerp*Zi} (xp+yp)\/xp+yp+zi B (xp+yp) X, +ypta
=

Now let’s recognize that the polar radial vector is given by:

?p:xpﬁ+yp§/:>‘?p‘:1/x§+y§

Then the magnetic field is given by:

B HOI
B [ pr+X y]{r \/r +a }
We can simplify further:

]§ — Mol Bl X X { } ol Ja —sin@%+cos6y _ Mol 4 é
aw[TYpR y]JT N
Now in the limit as the wire becomes infinite, we have:
lim =1

a—o0 VI +a

So the magnetic field from an infinitely long wire by direct integration is:
B=1d§

2mr
Finally done using Ampere’s law but in a simpler viewpoint:
On the circular path, B is constant in direction and magnitude and is parallel to the

differential path:

$Bedl=Bfdl=B [Jax" +dy* =B [|/r*(~sin6)’[d6] +1* (cos)’[d6]
So.

2

95‘ Bedl = Bref d6 = 2B

0=0



Then:
2mB=p,l, = B="219
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