Electromotive Force 7.1.2

In an Ohmatic conductor:
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which is true for many solids. in a plasma, this would become:
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This is closely related to the more familiar form,
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In the presence of steady currents and uniform conductivity, we have:
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It follows that Laplace’s equation holds in a homogenous ohmic material carrying a steady current, so all the tools and tricks that we have developed can be used for calculating the potential in these materials.

I will refer you to the discussion by your author in page 292-293.
<Insert Faraday’s Law Review Here>
Motional emf:

We define the magnetic flux by:
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Faraday’s law then shows that a changing magnetic flux results in an emf:
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But the emf is related to the electric field producing it by:
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We can put these together to read:
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assuming a constant area.

Stoke’s Theorem allows us to write this in another form:
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Thus:
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This is then the fourth of Maxwell’s equations (faraday’s law):
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What Faraday’s law tells us is that there are two distinct kinds of electric fields: one which arises from charges and the other which arises from changing magnetic fields. Notice that among the differences is the fact that this second kind of electric field is not conservative.

We have one more detail and we are then ready to discuss time dependence of EM waves. This is Maxwell’s correction to Ampere’s law. Recall:
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which is the differential form of Ampere’s law. When we apply this to the charging capacitor, we see that quite logically in the case of a non-constant current, we can not have that Ampere’s law is correct. Maxwell proposed that the correct modification to Ampere’s law which would fix it in the case of time varying currents was to add a term called the displacement current: With this addition, Ampere’s law appears as:
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And the origin of the displacement current comes from looking at a time rate of change of electric fields:
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Notice that what this is is essentially almost the electric flux through a closed area.

With this modification, Ampere’s law then appears as:
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Which says that in the same way that a changing magnetic field produces an electric field, a changing electric field produces a magnetic field. We have now come full circle!

Let’s then look at the 4 equations which we now call Maxwell’s equations.
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We are going to apply these equations in free space. I encourage you to read section 7.3.5 but we’re moving on towards transverse electromagnetic wave descriptions.

We will ultimately require information about Poynting’s Theorem.

The energy per unit time per unit area transported by EM fields is given by a vector know as the Poynting vector. See the discussion of this on page 346-347.
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What I want to show you now is how Maxwell’s equations work in free space in particular the last two equations.

In free space, the last 2 equations become:
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Let’s take the curl of each of these equations:
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WWe can evaluate the double curl to give:
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The first part of this vanishes because there are no magnetic monopoles.

We thus have:
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We can now use the curl of E to give:
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Let’s now do the same for the second equation:
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Taking the curl, we obtain:
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We can evaluate the double curl as before. Here, if we have no charges present, this gives:
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For both E and B, we then have the same type of equation:
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The solutions for E and B must also satisfy the Maxwell equations.

We also now have the identity that these describe the speed of propagation of an EM wave. I’ll show you how.

We can assume that  for example we have monochromatic plane waves so that:

(see page 36)
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is a possible solution.

We can find out what the requirement is for this to be a solution.

We can then, by taking the derivatives obtain:
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This shows that the wave would propagate with the speed c as shown, which is one initial amazing outcome of Maxwell’s equations!

let’s postulate a type of wave in which E points along y, varying in time and being transported along the z direction. Then:
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We can find out what B must be for this wave from Maxwell’s equations.

Let’s take by brute force the curl of E:
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Now, B must satisfy:
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If B has the obvious same exponential dependence, this happens:
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This tells us then:
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Thus:
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More generally, we can say if:
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Then
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Now if you want to find the Poynting vector, you need to only apply it to the individual real parts of E and B.

Let me show you how to do this:
We express the complex waves as:
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With E1,E2,B1,B2 real.

The Poynting vector is correctly expressed as:


[image: image43.wmf](

)

(

)

0

1

SReEReB

m

=´

r

rr


We can write out what these parts are:
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The cross is then:
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Taking the time average gives:


[image: image47.wmf](

)

(

)

(

)

(

)

22

1

2

costsint;costsint0

w=w=ww=


Thus:
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Now let’s look at what this is:
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(note:)
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So:
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Then:
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We thus find, with a little algebra:
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This gives us the simple result:
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We can now write the complex Poynting vector as:
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Which would correspond to an “intensity” if we dot it into a normal to a surface:
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There are many other ways to write this result, especially since E and B are connected.

I will show these different forms later.
Till now, we’ve obtained the wave equation for E and B.

I’ve also shown you how to calculate the Poynting vector for any E or B combination at this point. There is one fairly important point about a connection between S and momentum:

I’ll let p represent a momentum density. Then:


[image: image58.wmf]2

1

c

S

=

p

r

r


To obtain this result is a bit involved. I’ll refer you to the discussion of the Maxwell stress tensor located in section 8.2.2 for further reading on the topic.

For our purposes, we will need to accept this as being valid.

If we have a monochromatic plane wave, then:
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We can get B now pretty easily:
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The Poynting vector for this wave is given by:
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The cross product evaluates as:
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So we have the poynting vector is given as:
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The momentum density is then:
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You might also recall at this point the electromagnetic energy density:
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It is easy enough to see that this can be written using the connection between E and B as:
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The effect of the time average is to introduce a factor of ½ everywhere. Thus:
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And the correction of your author in eq. 9.63:
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In SI units: J/m3, W/m2,Kg (m/s)/m3, W/m2
At this point it is a fairly short distance to obtain the law of reflection, but I desire to push on to discuss dispersion effects due to electromagnetic waves and then waveguides if we are lucky enough to get there.
The next discussion comes from section 9.4.3 in your text which is well worth the read.

We imagine that electrons in a non-conductor are associated with specific molecules. I’ve shown you before that one possible model of an electron in an ionic matrix produces a spring-like motion. We’ll assume this is the case here. Then:
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If this is all there were, simple harmonic motion results and you can even calculate this for my simple model that I indicated much earlier in the course.

We would also expect a dampening force would be present on any electronic vibration. The reason you would expect such a thing is that an accelerated charge necessarily radiates power (see 11.66 for example).

The effect of this dampening can be expressed as:
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The dampening force is assumed to be proportional to the velocity and in the opposite direction to the velocity.

When a monochromatic plane wave interacts with a charge, a driving force will result of the form:


[image: image73.wmf](

)

driving0

FqEqEcost

w

==


We thus have the following equation of motion from Newton’s laws:
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The result is a fairly complicated second order differential equation:
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Now this is easier to deal with if it is regarded as the real part of a complex expression. Thus:
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In the steady state (note I’m using x instead of x tilda here), the system will oscillate at the driving frequency. Thus:
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We’ll assume this solution. Substituting into the differential equation, we obtain:
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The complex dipole moment is then:
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In general, differently situated electrons within a given molecule experience different natural frequencies and dampening coefficients. Suppose there are fj electrons with frequency (j and dampening (j in each molecule. In addition, assume that there are N molecules per unit volume. The polarization is given by the real part of this:
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In reality, however, we can introduce the complex polarization which has an imaginary component (I just love saying it that way):
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In this way, we thus can introduce the complex dielectric constant:
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Which in this model would be given by:
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Except close to a resonance frequency, the complex term is usually ignorable.

Let’s look at a wave in a dispersive media. I’ve not proven it but:
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This has plane wave solutions also of the form:
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We can substitute into Maxwell’s equation above to find:
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We can then see that the wave becomes attenuated as:
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we define the attenuation coefficient as:
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and the index of refraction (n=v/c) is given by:
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for gasses, the expression for k is simpler since:
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This gives an approximate result for the two coefficients:
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It is well worth reading the section on page 403 of your text and looking at the plots of these functions.

So long as you stay away from resonances, the index of refraction is approximately given by:
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