| Gauss’s Law Review |

Concepts: Gauss’s Law, Electric Flux, superposition of electric fields.

(1) A point charge +q is located at the origin. Use Gauss’s law to find E
everywhere.

(2) A sphere of radius a has a total charge +Q uniformly distributed over its
volume. Use Gauss’s law to find E inside the sphere and outside the sphere.

(3) An infinitely long wire has a charge per unit length +A. Use Gauss’s law to
find E everywhere.

(4) An infinite plane has a surface charge density . Use Gauss’s law to find E
everywhere.

(5) Two infinite planes are separated by a distance d. Plane 1 has a surface

charge +c while plane 2 has a surface charge -c. Use Gauss’s law to find E
everywhere.
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(1) A point charge +q is located at the origin. Use Gauss’s law to find E
n everywhere.

{C;B (a) Choose the Gaussian surface: Concentric sphere centered on charge of
radius r. On this surface, Eis parallel to # and constant in magnitude: that
is actually why we chose this particular geometry.
(b) Calculate the electric flux through the Gaussian surface:
®, =) E eAAA =E) A, =EA=E|4m]

iareas

®,= § EefdA=E ¢ dA=E[4m]

Gaussian Gaussian
Surface Surface

(c) Calculate the net charge enclosed by your Gaussian Surface:
Qo= P(F)AV,=¢q

Volumeof
Gaussian Surface

doe= § P(F)aV=g
Volumeof

Gaussian
Surface

(d) Use expressions from (b) and (c) in Gauss’s law.
By Gauss's law: @, = %= = E[4nrpz] =2

(e) Solve the result in (d) for the electric field.
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(f) Apply your argument for the direction of the electric field in (a) to provide the
vector electric field.

d q A
E= et
T,
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(2) A sphere of radius a has a total charge +Q uniformly distributed over its

volume. Use Gauss’s law to find E inside the sphere and outside the sphere.
(a) Choose the Gaussian surface: Concentric sphere centered on charge of

A

radius r. On this surface, Eis parallel to n and constant in magnitude: that is
actually why we chose this particular geometry. The radius of this sphere may be
either greater than a or less than a.
(b) Calculate the electric flux through the Gaussian surface:

®, =Y E efAA =E) A =EA=E4nr|

®,= ¢ EeidA=E § dA=E[4m)|

Gaussian Gaussian
Surface Surface

(c) Calculate the net charge enclosed by your Gaussian Surface:

qenc = Z p(?)AVl

Volumeof
Gaussian Surface

Goe= ¢ p(F)aV
Volumeof

Gaussian
Surface

There are two cases to consider. Let’s work the easiest first. Suppose that the
radius of the Gaussian surface is larger than a. Then the Gaussian surface
encloses the entire charge. However, you probably want to see how to determine

the volume charge density, p(T).

We are given that the charge is uniformly distributed over the volume of the
sphere. This then implies that the volume charge density is constant. We can find

this density easily then:

) — —_Q
p(r) T Vohee 472

You can make this more complete. Since the sphere has a radius a, at regions
outside the sphere, there is no additional charge. Thus, in fact, you probably
want to write this volume charge density as:

. L= 2 (Ff<a)
p(r) _ [v\phsre 4ma ’

0(r>a)
Now it is easy to calculate the charge enclosed by the Gaussian surface:

> p(F)av =L [snr|=Q(:) (r<a)

Volumeof
Gaussian Surface

q =
o Z p(F)A\Q:%E—%[§na3]:Q(r>a)
égllll;gilzr? gurface
r'=r
§ p(F)av=¢-av=-2(4n) [rdr'=-L[4n'|=Q() (r<a)
Volume of r'=0
Gaussian
qenc _ Surface L

p(?)dV:j;%Sa} av =% (4n)fr'2dr':%r?a3

Volume of r'=0
Gaussian
Surface

%na3] =Q(r>a)
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(d) Use expressions from (b) and (c) in Gauss’s law and solve forE :
(i): OutS|de the sphere

E4) E=_2

4me,r)

(47
(ii): Inside the sphere:
Blon)£(¢] -2

47eya
By Gauss’s law: &, = 2= = E[4nr2] —Q
’ E € P €

(f) Apply your argument for the direction of the electric field in (a) to provide the
vector electric field.

Since E is in the radial direction, we then have:

(') Outside the sphere:

A

m

4n80r

(ii): Inside the sphere:
E=-2_¢

4mega’

Notice that at rp=a, both solutions are the same.

Here is an important thing to note from this problem: Your Gaussian surface
that you chose is the thing that determines how much charge is enclosed. In
particular, if (as in this case) the charge density varied with radius, and your
Gaussian surface extends to a radius r, , you only enclose the charge which is
inside the surface.

(3) An infinitely long wire has a charge per unit length +A. Use Gauss’s law to

findE everywhere.
(a) Choose the Gaussian surface: Concentric sphere centered on charge of

radius r. On this surface,Eis parallel to i and constant in magnitude: that is
actually why we chose this particular geometry. On the ends, however, E and the
normal would be perpendicular so no net flux passes through the ends in the
ideal situation.

(b) Calculate the electric flux through the Gaussian surface: a point on the
Gaussian surface is designated by th.

®, =Y E efiAA =E) A =EA=E[2mrh]|

E
iareas

®,= ¢ EeidA=E § dA=E[2mh]

Gaussian Gaussian
Surface Surface

(c) Calculate the net charge enclosed by your Gaussian Surface:

qenc = Z p(?)AVl

Volumeof
Gaussian Surface

doc= § p(F)av

Volumeof
Gaussian
Surface
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Here, we will assume the wire has zero thickness. Then any Gaussian surface
we choose except for one which has zero surface area encloses a net charge
which is given then by:

qenc = }\’h

(d) Use expressions from (b) and (c) in Gauss’s law.
By Gauss's law: @, = %= = E[anph] =2

(e) Solve the result in (d) for the electric field.

—_ MM __ A
27, he, 2mer,

(f) Apply your argument for the direction of the electric field in (a) to provide the
vector electric field.

In this problem, the electric field always points away from the wire which is also
the cylindrical coordinate t direction. The electric field is thus given by:

(4) An infinite plane has a surface charge density 6. Use Gauss’s law to findE
everywhere.
(a) Choose the Gaussian surface: Use a Gaussian surface which is a cylinder
cutting through the plane with a face which has an area A’. The electric field only
passes through A’ and is perpendicular to the sided. We’'ll call this the X
direction.
(b) Calculate the electric flux through the Gaussian surface:

@, 0= E eAAA =EY A =EA=E|A]

®y.o= § EeidA=E ¢ dA=E[A]

E,+end ~

E,+end

Gaussian Gaussian
Surface Surface

However, the cylinder has two faces. In the —X region of space, the electric field
also points in the direction of the normal. This gives the total flux as:
&, =2EA’
(c) Calculate the net charge enclosed by your Gaussian Surface:
dwe= »_ P(F)AV,=0CA'

Volumeof
Gaussian Surface

Goe = § p(F)dV=cA’
Volumeof
Gaussian
Surface

(d) Use expressions from (b) and (c) in Gauss’s law.
By Gauss’s law: @, === E[2A]=2A'
(e) Solve the result in (d) for the electric field.

E_ (o}

T 2,
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(f) Apply your argument for the direction of the electric field in (a) to provide the
vector electric field.

In the +x region of space, the electric field is given by:E = %..

In the -x region of space, the electric field is given by:E = — ¢ % .

(5) Two infinite planes are separated by a distance d. Plane 1 has a surface

charge +c while plane 2 has a surface charge -6. Use Gauss’s law to findE
everywhere.

The geometry here is the same as in problem 4 except that one face of the
cylinder is between the plates while the other is outside the plates. The face
outside the plates has no flux through it. | can show this using the results of
problem 4.

There are 3 regions to consider: (1) in the region x<0, (2) in the region 0<x<d and
(3) in the region x>d.

In region 1, we have two electric fields which superimpose:
E,=—2% and E =2%. The electric field is then given by

+ -7 2¢
o

E=E, +E =|-Z+%

T 26,

X =0X. The electric flux through any face in the region

x<0 is thus necessarily zero. Likewise, in region (3) the electric field is also zero.
Thus the only flux will be between the two plates. The electric field in region 2 is
then given by:

E=E +E =2 8+28%=

2¢,

la

X

o™

0

Thus the electric field will be zero outside the plates and twice as large between
the plates. The presence of an oppositely charged plate means that there is no
electric field outside the region between the two plates. This problem is extremely
important to understand since this is the electric field between the plates of a
parallel plate capacitor. It is somewhat important to note that while people may
often say a capacitor has been charged up, you can see that actually the net
charge across the plates of a capacitor is zero but there is a separation of charge
which is the result of work having been done.



